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Let {a,,}:=, be an integer sequence delined by the non-degenerate binary linear 
recurrence a, = A a,- I + k-Z, where a, = 0, a, # 0, and A, B are fixed non-zero 
integers. It is proved, for a certain constant K, that 
which is the generalization of the formula of P. Kiss and F. MgtyBs. 01990 
Academic Press, Inc. 
Let (a, >z=, be an integer sequence defined by the binary linear 
recurrence 
a,=Aa,-,+Ba,-,, 
where a, = 0, a, # 0, and A, B are fixed non-zero integers. Denote by u, /I 
the roots of the characteristic polynomial x*-Ax-B. We assume that 
Ial 2 IPI and a/B is not a root of unity. 
P. Kiss and F. Matyas Cl] showed, subject to the conditions (A, B) = 1 
and a, = 1, that 
610g Ja,a,.e-a,l 
log Cal, a2, . . . . a,1 
(1) 
where [a,, a2, . . . . a,,] denotes the least common multiple of the terms 
aI, a2, . . . . a,. 
In this paper, we show 
THEOREM. Let K = log(A’, B)/2 log 1 a 1. Then we have 
6(1 -K)log la,a,.-.a,l “* 
log Cal, a,, -., a,1 ) =x+0(& 
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Remark. The formula (1) follows from our theorem because if 
(A, B) = 1 then rc = 0. 
To prove our theorem, we first recall notations and some results about 
Lehmer numbers. Let y, 6 be the complex numbers satisfying 
ty+q2=c, 1 y6 = D 
where C, D are coprime non-zero integers. We assume I y I >/ ( 6 I and y/S is 





(Y”-W(Y-61, for n odd, 
(y” - W/(Y2 - s21, for n even. 
Note that {L,}~& is an integer sequence. This sequence is introduced by 
Lehmer [33 and applied to the primality test of the numbers of type 
‘42P- 1. 
LEMMA I. 
3log lyl n2+0 n2 




Proof. Let p be a prime and denote by p’ I\ L, when pe ) L, and pe+ l/L, 
for e > 1. Let T, be the product of p”s with pe I\ L, and plL1 L, . . . L, ~_, .
Then we have, for n >/ 13, 
T, = i, l n (yd - bd)p(n/dl, 
din 
where p( .) is the Mobius function and A, is equal to 1 or the greatest prime 
divisor of n/(3, n) (see [4, Lemmas 6,7,8; 2, Lemma 11). 
To prove (l), P. Kiss and F. Matyas [l] used this expression of T,, 
essentially when C is a square, and showed the asymptotic formula of our 
Lemma 1 (see [ 1, Lemma 2, 31). We can easily see that these arguments 
are also true when C is an arbitrary non-zero integer. 
LEMMA 2. 
1% IYI logIL,L,~~~L,,(=~~*+O(nlogn). 
Proof: In the light of Baker’s method, we have 
Il-o”\>n-“, 
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where o is an algebraic number whose absolute value is 1 and w  is not a 
root of unity. The constant c depends only on o (see [2, Lemma 3)). Thus 
we have 
and 
where ci (i= 1,2,3,4) are constants which depend only on y, 6. Using this 
estimate, we can prove the lemma (see [ 1, Lemma 51). 
Proof of the Theorem. Put T= (A2, B), c, = T-“/‘a,,, A, = A/,/?, and 
B, = B/T; then 
c,=A~c,~,+B~c,~~ 
holds with c0 = 0 and c, = al/J?. So c, is written in the form 
with a, = @I,,? and /I, = p/J?. Noting (A:, B,) = 1, we denote by L, the 
Lehmer numbers associated with a,, 6,. From the definition of L,, we 
have 
for n odd, 
for n even. (2) 
Now we prove 
log Cal, a2, . . . . a,1 = 
3l%l%I n2+0 n2 n2 
(4 log n ’ 
and 
log lalaz--.an( 
= log la,I+lW- - - 
2 4 
n2 + O(n log n), 
It suffices to show when n is even. 
From (2), we have 
(3) 
(4) 
log CL,, L2, *.., LJ 
,< log Cal, az, . . . . a2ml 
<log la,AT”-‘( +log CL,, L,, . . . . L2m]. 
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Using Lemma 1, we obtain (3). By Lemma 2 
log la,a~~..a2ml 
=log I.;Y4mT”‘*-1’I +log lL,L, . ..LzmI 
- O(2m log 2m). = ~ (2~)~ + m2 log T-i 
2 
Therefore we have (4). 
Putting these estimates together, we get 
610g Ja,a2~-.anl “’ 
log [a,, a,, . . . . a,1 
6(log \ a1 j/2 + log T/4) n* + O(n log n) Ii2 
(3 log I a, 1,/n’) n2 + O(n’/log n) 1 
with a, = a/fi. This completes the proof. 
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